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Magnetohydrodynamic (MHD) flow of micropolar fluid
by including the thermal radiation and convective
condition on a shrinking surface in the presence of
mass suction effects has been investigated. The momen-
tum, angular momentum and energy equations, and the
solutions of these equations are valid for whole Navier
stokes, and microrotational and energy equations have
been solved exactly. We obtain the solution in the form
of an incomplete γ function for the energy equation. The
results reveal that dual solutions exist for certain
domains of different physical parameters. Furthermore,
high suction produces the high effect of drag force, and
as a result, coefficient of skin friction increases in the
first solution. Stability analysis has been performed and
determined that the first solution is more stable.
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1 | INTRODUCTION
Nowadays, the flows of non‐Newtonian fluids are extensively applied for scientific and
technological applications as compared to the Newtonian fluids. Researchers, scientists, and
mathematicians tried their best to describe and understand the rheological properties of the
non‐Newtonian fluids. These fluids have a complex nature of behavior and are very difficult to
use in industries due to their unpredictable nature. One of them is the micropolar fluid, which
can be defined as a fluid with microstructures belonging to the nonsymmetric stress tensor.
Some common examples of micropolar fluid are liquid crystals, bubby liquids, and blood flow,
etc.1 Published literature shows that the model of micropolar fluid is sometimes more suitable
to fit the rheological data as compared to the other non‐Newtonian models. Bhattacharjee et al2
developed the micropolar model by employing Darcy’s law of fluid flow. The micropolar fluid
over the inclined plate has been investigated by Srinivasacharya et al.3 Further, Srinivasacharya
et al4 considered squeezing flow of micropolar fluid and found that squeezing parameter has a
direct relation with the profiles of temperature and velocities. Lakshmi et al5 studied the
micropolar fluid with the effect of thermal radiation by using of Runge–Kutta Fehlberg
algorithm. Some recent development of micropolar fluid can be seen in these articles.6-9 After
proper analysis of published literature, it is found that micropolar electrically conducting fluid
flow with the combined effect of convective and thermal radiation parameters over a permeable
shrinking surface has not been investigated yet. Thus, the prime objective of this study is to find
the closed‐form of analytical solutions of micropolar fluid with thermal and convective
boundary conditions.
In the present decade, multiple solutions are considered in the fluid flow problem due to
their wide range of applications in different areas of industries, engineering, and so on. To know
which solution is more stable and physically realizable as compared to other solution, it seems
that Merkin10 was first who found a dual solution and did stability in the flow problem of mixed
convection in a porous medium and performed stability to show the first solution is always
stable. The general definition of the theory of stability is regarded with measuring the behavior
of perturbations of infinitesimal around the base state of finite‐amplitude. If the perturbed flow
returns to the base state, the flow is considered stable. On the other hand, if the small amplitude
perturbations diverge from the base state, the flow is considered unstable. A huge number of
previous and current studies done regarding the stability analysis can be seen in these
articles.11-16
Just one decade back, Miklavčič and Wang17 considered the viscous fluid flow over the
shrinking surface. Some applications of flow over the shrinking surface can be seen in the paper
of Michaeli and Hopmann.18 The problem of Miklavčič and Wang17 was extended to unsteady
form by Fang et al.19 In the same years, Fang et al20 found the exact solutions of
magnetohydrodynamic (MHD) flow of viscous fluid on the shrinking surface in another paper.
The same problem has been extended for the second‐order slip condition by Turkyilmazoglu21
and found the exact solution. Bhattacharyya et al22 inspected the micropolar fluid over the
shrinking surface numerically and found dual solutions. Later on, the exact solutions to
the same problem were considered by Turkyilmazoglu23 as a note. After 2 years, he extended
the same model for stretching surface and found dual solutions in the exact analytical form.24
The applications of micropolar fluid in the various field of science, engineering, and industries
have motivated us to consider it. In this study, Eringen25 proposed mathematical model will be
considered and analyzed the micropolar electrically conducting fluid flow with the combined
effect of convective and thermal radiation parameters over a permeable shrinking surface
through a mathematical approach.
2 | MATHEMATICAL DESCRIPTION OF THE PROBLEM
A steady incompressible two‐dimensional flow of micropolar electrically conducting fluid over a
linear shrinking surface with effect of convection conditions has been considered, as shown in
Figure 1. Furthermore, a cartesian co‐ordinate system is considered, whereas, x‐axis is assumed
along with shrinking sheet and y‐axis is perpendicular to it. The uniform magnetic field of the
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strength B0 has been applied normal to shrinking sheet (Figure 1). According to these














































































































The associated boundary conditions related to (2) to (4) are











u N T T y0; 0; ; as .→ → → → ∞∞ ( 5)
In these equations, u and v represent velocity components in the x‐ and y‐directions,
respectively, ρ is fluid density, ϑ is the kinematic viscosity, σ is electrically conductivity of fluid,
B= B0 is magnetic field by the constant magnetic strength B0, T is the fluid temperature, and α
is the thermal diffusivity of the micropolar fluid.
To get the similarity solutions, the following similarity transformations are used:
FIGURE 1 Physical model and co‐ordinate system [Color figure can be viewed at wileyonlinelibrary.com]
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By applying Equation (6) in Equations (2) to (5), the continuity equation is satisfied and
momentum, energy, and the concentration equations are written as:
K f ff f Kg Mf(1 + ) ‴ + ″ − + ′ − ′ = 0,′2 (7)
K
g fg gf Kg Kf1 +
2





Rd θ Prf θ1 +
4
3






f S f g mf θ Bi θ(0) = , ′(0) = −1, (0) = − ″(0), ′(0) = − (1 − (0)),
f η g η θ η η′( ) 0; ( ) 0; ( ) 0; as .→ → → → ∞ ( 10)
where K is the micropolar material parameter, M is the magnetic parameter, Pr is the Prandtl
number. Suction/Blowing parameter is S, andm is the microgyration parameter. The above all




















The physical quantity of interests are Skin friction coefficient Cf , and local Nusselt number









































Using Equation (6) in (12), we get
C Re m K f N Re Rd θ( ) = (1 + (1 − ) ) ″(0), ( ) = − 1 +
4
3









where Re ax= /ϑx f2 is local Reynolds number.
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3 | EXACT SOLUTION
It is hard to find the exact multiple solutions of Equations (7) to (9) due to nonlinearity in the
governing equations. Many researchers attempted to solve these kinds of equations by various
numerical methods. We instead present exact analytic solutions in this section.
3.1 | Solution of the flow and microrotation fields
According to Crane,26 the solutions of this special kind of problem can be gotten exactly by
assuming the exponential function, which satisfies all boundary conditions. In this problem, we
suppose the solutions for momentum equation, with the effect of the material, non‐Newtonian,





( ) = −
1 −
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All boundary conditions (11) are satisfied with the relation of (14). It is worth mentioning
that the value of λ should be greater than zero. By substituting (14) in Equations (7) and (8), we
have the following relation:
M Sλ K mK λ−1 + + + (−1 − + ) = 0,2 (15)
m Sλ λ K m mλ2 (1 − + ) + (2 − 4 + ) = 0.2 2 (16)
The solutions of Equations (15) and (16) simultaneously led to the dual solutions:
λ
S S M K KM
K
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Equation (18) will be used to obtain the dual velocity and angular velocity profiles of the
micropolar fluid over the shrinking surface.
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3.2 | Solution of the temperature field
To find the solution of heat equation (9) for the micropolar fluid on the shrinking surface, a new







By using Equation (13) with f η S( ) = − e
λ
1 − λη− in Equation (9), we have
ξ Rd θ ξ χ ξ θ ξ1 +
4
3


















θ′ = 1 − , (0) = 0.
2 2













Subsequently, the regular singular point of the transformation (19) is ξ = 0. Thus, using the
Frobenius method to get the solutions in the form of power series solutions of Equation (21), we
have:
θ ξ a ξ
θ ξ n r a ξ
θ ξ a n r n r ξ
( ) =
( ) = ( + )






























The value of n will be determined by the substituting the expression for θ ξ θ ξ θ ξ( ), ( ), ( )′ ′′ in
Equation (22), we get
ξ Rd n r n r a ξ χ ξ n r a ξ1 +
4
3
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4
3



















The coefficient of the lowest degree term ξn−1 in the identity (24) is obtained by putting r = 0
in first summation only and equating it to zero. Then the indicial equation is
( )a Rd n n nχ a1 + 4
3
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The coefficient of next lowest degree term ξn in the identity (24) is obtained by putting r = 1
in first summation and r = 0 in second summation and equating it to zero.
a n Rd n χ na( + 1){(3 + 4 ) + 3 } + 3 = 0,1 0
a
na
n Rd n χ
=
−3
( + 1){(3 + 4 ) + 3 }
.1
0
Equating to zero the coefficient of ξ ,n r+ the recurrence relation is given by:
a
n r
n r Rd n r χ
a for r=
−3( + − 1)
( + ){(3 + 4 )( + − 1) + 3 }
= 1, 2, 3…r r−1 (26)
It is worth mentioning that for n = 0, all the unknowns a = 0i , i = 0, 1, 2, 3, …, hence for
n = 0, the constant solution is obtained. For n = 1 − χ
Ω
, where RdΩ = 1 + 4/3. Therefore,
relation (26) can be written as:
a
χ r
χ r χ r χ
a=
−(1 − /Ω + − 1)








(Ω + Ω − )Ω
for = 1, 2, 3…r r−1 (27)
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It can be written in the form of confluent hypergeometric function G χ χ ξ( − Ω, 2Ω − , ) as:
θ ξ a ξ G χ χ ξ( ) = ( − Ω, 2Ω − , ).χ0 1− /Ω
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Henceforth, the general solution of Equation (20):
θ ξ C C ξ G χ χ ξ( ) = + ( − Ω, 2Ω − , ).χ1 2 1− /Ω
After using the boundary conditions, the exact solution for temperature distribution is
obtained as:





































































where L is the Kummer function.
4 | STABILITY ANALYSIS
Merkin10 was the first who introduced the stability analysis of dual solutions for the fluid flow
of mixed convection in a porous medium. He stated that the solution of fluid flow is said to be
more (less) stable and reliable when the sign of the values of the smallest eigenvalue is positive
(negative). The stable solution can be used effectively for practical purpose Lund et al.27
On the other hand, multiple solutions should be considered because these solutions are also
part of the same governing equations.
















































































































A new set of dimensionless variables with defined transformations in Equation (6) can be
expressed in the following form:
η y
a
τ at u axf η v a f η
N
a
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Bi θ τ(0, ) = ;
(0, )















h η τ θ η τ η
( , )
0; ( , ) 0; ( , ) 0; as .
∂
∂
→ → → → ∞ (36)
Initial decay (growth) of disturbances indicate that the sign of eigenvalue is positive
(negative) which implies that the micropolar fluid flow on the shrinking surface is stable
(unstable). According to Merkin10 and Haris et al,28 these functions/expressions
f η τ f η e F η( , ) = ( ) + ( )ετ0
− , h η τ h η e H η( , ) = ( ) + ( )ετ0 − , and θ η τ θ η e G η( , ) = ( ) + ( )ετ0 − are
substituted in Equations (33) to (35) along boundary condition (36). Here, ε represents the
eigenvalue and F η( ), G η( ), and H η( ) are small relative to f η( )0 , g η( )0 , and θ η( )0 , respectively.
After simplification and by keeping τ = 0, we will obtain:
K F f F F f f F KH MF εF(1 + ) + + − 2 + − + = 0,″ ″ ″ ′ ′ ′ ′ ′0
′
0 0 0 0 0 0 0 0 0 (37)
K
H f H F g g F g F KH KF εH1 +
2
















With the boundary conditions
F F H mF G BiG(0) = 0, (0) = 0, (0) = − (0), (0) = (0),′ ″ ′0 0 0 0 0 0
F η G η H η η( ) 0, ( ) 0, ( ) 0 as .′0 0 0→ → → → ∞ (40)
According to Haris et al,28 the boundary condition of F η η( ) 0 as′0 → → ∞ should be
relaxed. We also follow the algorithm of Haris et al28 and Lund et al29 in this study and relax
F η η( ) 0 as′0 → → ∞ into F (0) = 1′0
′ .
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5 | RESULT AND DISCUSSION
In this section, the dual solutions analysis of the micropolar fluid on a shrinking surface will be
discussed with the help of various graphs. With the help of mathematical software “Maple 2018,”
these graphs have been plotted. A complete summary of the physical interpretation and results of
the micropolar fluid on the shrinking surface has been obtained. The results are demonstrated
graphically in Figures 2 to 9. Furthermore, Tables 1 and 2 provide the results of coefficient of skin
friction and heat transfer rate in the form of exact analytical solutions, respectively.
Figures 2 to 4 are constructed to examine the effects of various physical parameters on the
skin friction coefficient. There exist two ranges of solutions namely no solution and dual
solutions for different effects of parameters. From Figure 2, it can be observed that the material
FIGURE 2 Coefficient of skin friction for fixed values of S and various values of K [Color figure can be
viewed at wileyonlinelibrary.com]
FIGURE 3 Coefficient of skin friction for fixed values of K and various values of M [Color figure can be
viewed at wileyonlinelibrary.com]
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parameter range increases when suction is high. On the other hand, high suction produces the
high effect of drag force and as a results coefficient of skin friction increases in the first solution.
Whereas, the skin friction reduces for more suction in the second solution. Moreover, the same
behavior can be seen for the couple stress coefficient in Figure 5. The effect of the magnetic
parameter is shown in Figure 3 for various values of the non‐Newtonian parameter. Hartmann
number helps to rise (decay) the coefficient of skin friction for the stable (unstable) solution.
Lorentz force presence due to the magnetic parameter or Hartmann number, which produces
more drag force with an increment in M . Therefore, a strong force of Lorentz develops the skin
friction coefficient in the first solution. Figure 4 was drawn to show the effect of the material
parameter on the coefficient of skin friction. Due to increment in K , drag force reduces for both
solutions as noticed in Figure 2. It has been also observed that dual solution can exist for low
suction subject to the condition that the value of the material parameter must be small. Figure 6
depicts the effect of K on a couple of stress coefficient. No change has been noticed in the
FIGURE 4 Coefficient of skin friction for fixed values of K and various values of S [Color figure can be
viewed at wileyonlinelibrary.com]
FIGURE 5 Couple stress coefficient for fixed values of S and various values of K [Color figure can be
viewed at wileyonlinelibrary.com]
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behavior of the second solution. However, the suction and couple stress coefficient are directly
proportional to each other. Heat transfer rate for various values of S is revealed in Figure 7. The
increasing values of Bi results raise the temperature of the micropolar fluid over the sheet.
Henceforth, the mass suction of the micropolar fluid on the surface is rising the local Nusselt
number for both the first and second solutions. Development in the heat transfer coefficient or
Nusselt number of the micropolar fluid on the whole sheet is for both the first and second
solutions when the values of the Biot number increases. On the other hand, an ascent
movement in the profile of velocity is noticed for the first solution in Figure 8. While velocity
profile decreases for higher values of non‐Newtonian parameters in the second solution. This
FIGURE 6 Couple stress coefficient for fixed values of K and various values of S [Color figure can be
viewed at wileyonlinelibrary.com]
FIGURE 7 Heat transfer rate for fixed values of Bi and various values of S [Color figure can be viewed at
wileyonlinelibrary.com]
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declines in velocity profiles indicate that the micropolar parameter produces more resistance.
Figure 9 demonstrates the profiles of temperature under the effects of Prandtl number and
thermal radiation. This profile describes that temperature of the micropolar fluid is declined
because of the increasing value of Prandtl number and thermal radiation parameter. Thermal
boundary layer thickness declines more in the absence of thermal radiation parameter.
Finally, a stability analysis has been done to determine which solution is unstable and which
one is stable. The values of the smallest eigenvalue ε control the solution stability. The positive
FIGURE 8 Velocity distribution for various values of K [Color figure can be viewed at wileyonlinelibrary.com]
FIGURE 9 Temperature distribution for various values of Pr [Color figure can be viewed at
wileyonlinelibrary.com]
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value of eigenvalue suggests an initial decay; therefore, the flow is stable. On the other hand,
negative value suggests an initial growth of disturbance and flow becomes unstable. Table 3
displays the values of the smallest eigenvalue for numerous values of S for the different fixed
parameters. Positive (negative) values of ε in table shows that the first (second) solution is stable
(unstable).
TABLE 1 The exact analytical solutions for Skin friction coefficient









TABLE 2 The exact solutions for Heat Transfer rate when M= 0, K= 0.5, n= 0.5, and S= 3









TABLE 3 The values of smallest eigenvalue for different values of S and KwhereM= 0.5 and n= 0.5 are kept fixed
K S ε
1st solution 2nd solution
0 1.45 0.0032 0.0694
2 0. 38582 −0. 6841
3 0.7683 −0.92698
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6 | CONCLUSION
In this study, the effect of the emerging physical parameters upon the velocity, angular velocity,
temperature, the coefficient of skin friction, couple stress, and the heat transfer rate of the
micropolar fluid on the linear shrinking sheet have been taken into account. Stability analysis
has been performed for the dual solutions in this study. The closing observations of this study
are specified as:
1. The domain of the solution for λ is well‐defined for several applied physical parameters.
Physically realizable solution exists only when λ > 0.
2. The presence of the multiple solutions hinges on the ranges of the suction, material, and
magnetic parameters.
3. For the skin friction coefficients, the dual solutions of the micropolar fluid on the shrinking
surface are found to be larger for the case of K = 0.
4. Stable solution is the first solution only.
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